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Abstract 

Taking to be the measure induced by simple, symmetric nearest neighbor 
continuous time random walk on starting at 0 with jump rate 2d define, for 
/3 > 0, t > 0, the Gibbs probability measure by specifying its density with 
respect to P^ as 


dPp,t 

dP^ 




( 1 ) 


where This Gibbs probability measure provides a 

simple model for a homopolymer with an attractive potential at the origin. 
In a previous paper [3], we showed that for dimension d > 3 there is a phase 
transition in the behavior of these paths from diffusive behavior for j3 below a 
critical parameter to positive recurrent behavior for j3 above this critical value. 
This corresponds to a transition from a diffusive or stretched out phase to a 
globular phase for the polymer. The critical value was determined by means of 
the spectral properties of the operator A+/3(Io where A is the discrete Laplacian 
on Zi^. In this paper we give a description of the polymer at the critical value 
where the phase transition takes place. The behavior at the critical parameter 
is in some sense midway between the two phases and dimension dependent. 


Key words: Gibbs measure, homopolymer, phase transition, globular phase, diffu¬ 
sive phase. 
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1 Introduction 


In this paper we provide a picture of a homopolymer model at the critical value of 
a parameter. Other properties of this model were discussed in the previous work [3] 
of the authors. An approach to some of the results of using renewal theory is 
explained in [6]. Using the methods of [3], we can now give a fairly complete descrip¬ 
tion of the polymer behavior at the critical parameter in all dimensions. Interest in 
polymer models is wide spread. An early work on the subject is [5] which has been 
followed by myriad contributions and we refer the reader to the interesting paper [7] 
or the monograph [6] and their extensive bibliographies. In contrast to other work 
on the homogeneous pinning model, our approach uses spectral theory and resolvent 
analysis in place of renewal theory. In our case we are able to establish some interest¬ 
ing and explicit results about the behavior of the pinned homopolymer at the critical 
parameter which gives the point where a phase transition occurs. In order to describe 
the model, denote by S the space right continuous, left limit paths on [0, cx)) into Z'^. 
A typical element of S will have its position at time s denoted by Xs- Sometimes we 
shall consider the restriction of elements of S to the interval [0, t] and use to denote 
this set of paths. The corresponding Borel a—helds shall be denoted by B^o and Bt, 
respectively. Our reference measure on S shall be P^, where denotes the measure 
induced by simple, symmetric nearest neighbor continuous time random walk on 
starting at x with jump rate 2d. This is the Markov process whose generator is the 
discrete Laplacian; Atl^^x) = J2y\x-y\=ii'^iy) Dehne for /? > 0 and f > 0 the 

Gibbs probability measure P^^t on the Borel subsets Bt of S* by specifying its density 
with respect to as 

where 

is the usual normalizing factor called the partition function. Setting 

Zp,t{x) = 

enables us to dehne the Gibbs measure P^ t on paths started at x by 

^px 

When X = 0 we will write Z^^t in place of Z^_t(0). A couple of simple observations to 
be used later are that 


Zf},t{x) < X G 


( 2 ) 
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Zi3,s{.x) < Zp^t{x), fors < t. 


(3) 


and that for all x G 


In the previous work [3], we demonstrated the existence of a phase transition in the 
parameter /3 at a particular parameter value which we shall denote by (id- It was also 
shown in [3] that in all dimensions, whenever /3 > fid-, there is a limiting measure 
P^oo- To t)e precise, for any A G Ps, the limit Xmit^oo Pp^^A) = P^^oo(^) determines 
a probability measure Pp^^o on Poo- Similar results on the existence of such a measure 
were obtained in the context of penalization in [8]. It was also shown that : s > 0} 
is positive recurrent, called the globular phase, under the measure Pp^o- For d = 1, 2 
the process under the polymer measure Pp^ is null recurrent for /3 = 0 and positive 
recurrent for > 0. In other words, = 0 for d = 1 or 2. However, in dimensions 
d > 3, it was shown in |3] for f] < f3d that Pppi^ G •) has a normal limit. In other 
words, for /3 < there is no long term effect of the potential on the polymer as this 
is the same limit satished by the process under P°. 

In this paper we shall extend these results to the case /3 = (3d and d > 3 which 
is more delicate than the case (3 ^ (3d- For (3 = (3d and d > 5 the measure Pp^^oo 
exists and the process is positive recurrent under the measure Pp^^oo- At /? = in 
dimensions 3 and 4, the measure Pp^p{^ G ■) has a limit which is a mixture of 
Gaussians. Thus, in contrast to the case p < (3d, there is a long term influence of the 
potential on the polymer at the critical value (3 = (3d- In dimensions d = 3 or 4, the 
polymer paths aX (3 = (3d exhibit unusual behavior midway between the cases of d < 2 
and d > 5 and making these dimension dependent behaviors explicit is the subject of 
this paper. 

The phase transition in the polymer model corresponds to a transition for the 
operator Hp = A + (35q. In dimensions d = 1 or 2, this operator has a positive 

eigenvalue Ao(/d) > 0 for all /d > 0. In dimensions d > 3, for /d > (3d, Hp has a 

positive eigenvalue Ao(/d) but only absolutely continuous spectrum for (3 < (3d- We 
denote the corresponding eigenfunction by 'ipp. Curiously, for d > 5, Ao(/drf) = 0 is 
an eigenvalue at the edge of the absolutely continuous part of the spectrum of Hp^ 
which is [—4d, 0]. However, the situation in d < 4 is that there is no eigenvalue in 
the spectrum of Hp^. We remark that the value (3d marks a transition in the free 
energy as well. Namely, for (3 < (3d the free energy lim^^oo | In ^/3,t(0) = 0 while 
for (3 > (3d one has lim^^oo j In .^/3,t(0) = Ao(/d) > 0. In addition, this corresponds 
to the fact that So{xs)ds is an exponentially distributed random variable with 

parameter 2ded where = P^{x never returns to the origin). One simply notes 

that do {xs)ds = H where N, the number of visits to the origin, is a geometric 
random variable with parameter 1 — which is independent of the iid sequence 
Xj, j > 1, of exponentially distributed random variables with parameter 2d where Tj 
is time spent at the origin on the visit there. Thus Z^_oo(0) = ^ qq 

for (3 < 2d Cd while this is inhnite for (3 >2ded which gives that (3d = 2d Cd- 
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2 Behavior of the polymer at /3 = ( 5 ^. 


We now describe the behavior of the polymer aX (3 = j3d. For d = 1, 2, = 0 and so 

the polymer measure -P/ 3^,00 is just and there is nothing new to add, but perhaps it’s 
worth pointing out that the continuous time, simple, symmetric random walk is null 
recurrent in these dimensions. That is the polymer in this case is diffusive meaning 
Xt/y/i has a non-degenerate limiting distribution, which is of course Gaussian. 

For d = 3 or 4, the polymer is in a ’’weakly” diffusive phase at /9 = 13d- The 
potential has a weak, yet non-negligible, long term effect in these dimensions at 
the critical value of the parameter [3, but not strong enough to give a stationary 
probability distribution under Pp^^oo as in the case d > 5 described below. The effect 
of the potential shows up in the behavior of at/t where 


at = sup{s < t : Xs = 0 }. 


The process at/t has a limiting distribution under Pid^,t as t —)■ cxd. This distribution 
is more concentrated near 0 in three dimension than in four. For example, the mean 
of this limiting distribution is 1/3 when d = 3 and is 1/2 when d = 4. We can derive 
the limiting distribution explicitly as well as that of Xt/y/t with respect to Pp^^ 
t —)■ cxD. The latter relies on specifying the limiting distribution of at/t. In the limit, 
the distribution of Xt/y/t in the critical case /9 = is a mixture of Gaussians. The 
reason is that the polymer is ’’free” of the influence of the potential after time at and 
as a result, conditional on at, the position xt is approximately Gaussian with variance 
t — at = t{l — at/t). One can think of the potential as providing a ’’sticky” boundary 
point in the critical case, but not ’’sticky” enough to create a globular phase as in the 
cases d > 5. The existence of a non-degenerate limiting distribution for at/t under the 
measure Pp^d demonstrates the long term influence of the potential on the polymer. 

In dimensions d > 5, the process under the polymer measure is positive 

recurrent. This curious case is due to the existence of 0 as an eigenvalue for the 
operator It turns out that the corresponding eigenfunction, is given by 

i/f^^[x) = P^{T < 00 ) where T = inf{t > 0 : Xt = 0}. For dimensions d > 5, the 
normalized square of provides the stationary probability measure for the time- 
homogeneous Markov process under P^^. The stationary distribution is given by 
where for (3 > [3d 


^ 3 = 



(4) 


Note that this dehnition makes sense for d = 3 or 4 when (3 > (3d and for d > 5 
when (3 > (3d- This measure has fairly heavy tails when (3 = (3d, in the sense that only 
moments of order up to d — 5 exist. By contrast, in the case (3 > (3d, all moments 
exist for the measure tt^s. This is why we say the polymer is in the ’’weakly” globular 
phase at P = Pd for d > 5. For d = 3 and 4, the following Theorem describes the 
behavior at criticality. 
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Theorem 2.1. For d = 3 and (d = and d^ = as t ^ oo, 




dsVi, 


Eh, [{C,xtf]r~^-\C\H,CeR^ 

2 

Covh,t {xt) ~ -tl, 

P/33,Mt/t e du) -)■ -r^du, 0 < M < 1, 


P, 


h, 


Xt 

Vt 


e ■ e ■) 


where ^ is a random vector with characteristic function 


For d = 4:, and jd = (d^, and d^ = ^, as t ^ oo, 




Ef,.t [(C.ii)"] CeR". 

Covh,t {xt) ~ tl, 

Pp^^ti'Xt/t G du) -h du, 0 < M < 1, 


P 


h. 


Xt 


^ e •) ^P(r/e ■) 


where rj is a random vector with characteristic function 

0^(0) = [ ePd\^^^-^^du, 0 e R^. 


For the next result, denote the heat kernel of the operator by pj^. That is 
9P0, 


dt 


it,x,y) = Hppp{t,x,y), pp{t),x,y) = 5^{y). 


(5) 


The situation at criticality for d > 5 is described in the following. 


Theorem 2.2. For d > 5 and jd = (dd, there is a measure Ph,oo on (S, B) such that 
for each fixed s, as t ^ oo the process {{xu : 0 < m < s}, P/?^,*) converges in law to 
{{xu : 0 < M < s}, Ph,oo) ■ The process ({a;^ : 0 < s < cxd}, Ph,oo) is a Markov process 
with generator 

^gJix)= Y1 (^dix,y)ifiy)- f{x)), 

\y-x\=l 
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where 


ad{x,y) 


0 , 

2d - /3dSo{x), 


if \x-y\> 1, 
if\x-y\ = 1, 
ify = x, 


and denotes the eigenfunction of normalized so that = 1- The transi¬ 

tion probabilities for this ergodic, pure jump, Markov process on are given by 


rgAs,x,y) 


pg^{s,x,y)ijp^{y) 


( 6 ) 


Its invariant probability distribution is as defined in The moment of 
is finite if and only if d > k -\- 5. 


3 Resolvent Analysis 


Assume throughout that /3 > 0. Recall that pg denotes the heat kernel of the operator 
as at ([5]) where Hq = A. The analysis begins with the resolvent given by 



e ^"pg{s,x,y)ds, 


The resolvent satishes the equation 


(7) 


{Hg - A) Rg,x{x, y) = -5y{x) 

For 0 G the d—dimensional torus, with coordinates 0 = (0i, ...(pd), use 

d 

H<P) = 25^(1 - COS(pj) 

i=i 

to denote the symbol (Fourier transform) of —A. 

Using ([8]), we see that the Fourier transform of the resolvent, namely, 

a) = Y. 

yezd 


satishes the equation 

-Rg,x{cl>, y) ($(0) + A) + ^RgM y) = 


Solving for Rp^x[(j),y) one arrives at 


RgA(p,y) 


(3Rg,x{0,y) + R^i’’yi 
A + $(0) 


( 8 ) 

(9) 


( 10 ) 
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In the case /9 = 0, ffTOD becomes 


RoA<t>,y) = 


^i<4>,y> 


A + $(0)' 

On inversion of (fTTj) . we have the representation 


fio,A(0. ») = 


(2ir) 


/ 




A + $(0) 


dcf). 


(11) 


( 12 ) 


Since the function i?o,A(0, 0) plays a central role in our development, we denote it 
for simplicity by 


/(A) 


(2x) 


/ 


A + $(0) 


d(j) 


(13) 


Notice that J(0) = cx) for d = 1, 2 but /(O) < oo for d>3. 

Multiplying both sides of fITU]) by (27r)“'^, integrating over T'^ and combining with 
flT^ and f[T5]l . we get 

%a(0,2/) = ^I{X)Ri3,x{0,y) + i?o,A(0,|/) 

and solving for ^(0,?/), 

Ro,\{o,y) 


Ris,xi0,y) = 


(14) 


1 - /?/(A) 

The following result about /(A) enables one to derive large time asymptotics for 
0, 0) by means of a Tauberian Theorem. 

Lemma 3.1. Ford = 3 and 4 one has 1(0) < oo and the followinq A —)■ 0 asymptotics 
hold for I(X), 

I{0)-^,d = 3, 


/(A) 


471 

7(0) - qA, 7 > 5, 


where Cd is some positive constant. 

We don’t specify the value of q as it’s value won’t play a signihcant role later. 
Proof. By flT^ . for d = 3, and d > 0 hxed, 


1(0)-I(X) 


X 


(27r)3 

dvrA 


/X3 


(A + «I>(0))4>(0) 
dr 


d(j) 


(2Tr)^ Jo (A + r2)r2 

A 


27r2 

^/A 

j -^ 

dvr 


A + r2 


-dr 
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Solving for J(A) gives 


Similarly, for c? = 4, using ([13]), again with 5 > 0 fixed. 


/(O) - /(A) 


A 


(27r)3 
.2 ’ 


T3 (A + «f>(0))4>(0) 

<5 

7' 

dr 


d(j) 


27r^A r r3 


(2vr)3 7o (A + r2)r2 
r 


A 


-dr 


Solving for J(A) gives 


4:71 Jq a + r' 

A 1 

^— In —. 

Svr A 




In the case d > 5, and h > 0 fixed as before, and letting Cd change from line to 
line. 


J(0)-/(A) 


A 


(27r)'^ 
"QA 


(A + 4>(0))<I)(0) 
<5 ^d-1 

dr 


dcj) 


^CdX 


=CdX" 


0 (A + r2)r2 
dr 


cS ^d—3 


A + r2 

rS/VX gd-3 




ds 


-CdX. 


□ 


Corollary 3.1. The following A —)■ 0 asymptotics hold 


dvr 

%.a( 0 > 0 ) ~ ^2 /Y’ ^ = 3, 

/ 33 V A 

(15) 

%,a(0,0) ^-4. 

(16) 

/?/3„a(0,0)~^, d>5. 

(17) 
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Proof. Using Lemma lSUl ffT^ and the fact that f3dl{0) 
transform of 0, 0) satisfies 


-R/33,a(0, 0 ) — 


rsj 


/(A) 

1 - /53/(A) 
47r/(0) 


/93\/A 

dvr 

/iTx’ 


A ^ 0. 


Similarly, for d = 4, it satishes 


-R/34,a(0; 0) = 


rsj 


/(A) 

1 - /3aI{X) 

87rJ(0) 
/ 34 X In A 


Stt 

/SlAlni’ 


A ^ 0. 


1, for d = 3, the Laplace 


□ 


The next result is derived by standard Tauberian arguments as in |1]. 

Lemma 3.2. For d = 3, and C 3 = 

P 3 

Pfd^{t, 0 , 0 ) ~ t 00 . (18) 

For d = 4, and C 4 = 

P 4 

Pf}^{t,0,0) Ci:^, t ^ 00 . (19) 

For d > 5, and Cd as in ra, 

P/3d(U0,0) ~ y, t ^ CX). (20) 

Proof. Set r = A. By Theorem 1, page 443 of [1] and flT^ . ~ r —>• 0 

is equivalent to ps^it, 0, 0) ~ . But the hrst asymptotic holds by flT^ and so 

( 1 X 81 ) holds since r(|) = 

By Theorem 2, page 445 of [1] and ([I 6 ]), i?/ 34 ,r( 0 , 0 ) ~ is equivalent to 

Pis^it, 0 , 0 ) ~ But the hrst asymptotic holds by ffTOj) and so flTSl) holds since 

r(2) = i. 

Again, by Theorem 1, page 443 of [1] and flTHll . with 't = A since^ 
A“^, r —)■ 0 is equivalent to P/ 3 ^(t, 0 , 0 ) ~ ^ 
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Before moving on to the next section, we make some observations about and 
First we point out the relation between and pp. By the Feynman-Kac formula, 

BZ 

+ l36o{x)Zp^t{x), Zjifl{x) = 1 . ( 21 ) 

Comparing fl^ and ([5]), we see that the relation between Zp^t and pp is given by 

= X] (22) 

yezd 

Second we point out a couple simple relations satished by pp. On taking the Fourier 
transform in ([5]), it follows that 

-^{(t))pp{t, 0, 0) + /?p/3(f, 0, 0) = 0, 0). 

Since <F(0) = 0, it also follows that 

0, 0) = ^{t, 0, 0), pp{0, 0, 0) = 1. (23) 


4 Spectrum of Hj^ 

In this section we discuss the spectrum of the operator Hp which plays a major role 
in the behavior of the measure Ppp. This discussion will be familiar to readers of 
the monograph [2]. The operator Hq = A has purely absolutely continuous (a.c.) 
spectrum equal to [—dd, 0]. 

The spectrum of Hp consists of an a.c. part, [—4d, 0], and at most one eigenvalue 
Ao(/3) which, for d > 5, can be 0. In other words, on the edge of the a.c. part of 
the spectrum there is an embedded eigenvalue. The hrst part can be seen from the 
formula flTT)) since the resolvent for A blows up for A G [—4d, 0] and the denominator 
vanishes when /5(A) = 1. That 0 is an eigenvalue for d > 5 follows from the square 
integrability of 1/<F(0) over which is readily verihed. Now if Hpip = Xip with 
"0 G L^(Z‘^) then 'ip is an eigenfunction and on taking Fourier transforms we see from 
a computation similar to that at fITUD that 


^(0) 


/^V^(o) 

A + <I>(0)' 


(24) 


Inverting gives 


^(0) 


m^) [ 1 

(27r)<^ A + <F(0) 
=/5^(0)/(A). 


(25) 
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So, either V’(O) = 0 which implies '^ = 0 and therefore V’ = 0, or we can normalize so 
that -0(0) = 1 which implies by (12^ that '^(0) = from (1251) that A = Ao(/9) 

is the solntion of 


HHm = j 


Since 0 G if and only if 0 G L^(T‘^) we see from flM|) that A 0 (—4d, 0), 

i.e. either A < —Ad or A > 0, inclnding , apriori A = 0 and A = —Ad. Bnt for real 
A < —Ad, we have that /(A) <0 and /(A) = ^ can not hold. That is, any solntion of 
/(A) = ^ mnst be in [0, cxo). We snmmarize the developments so far. 

Theorem 4.1. For d >1, the eigenvalue Ao(0) > 0 exists for (3 > (3d = /(0)“^. It 
is the root of the equation /(A) = A. The corresponding unique eigenfunction, 0^ has 
Fourier transform 


0/3(0) 


0 

Ao(0) + 4>(0) 


and has the representation 


0/3 (x) 


0 

(27r)‘^ 




iTd Ao(/3) + $(0) 


dcj). 


(26) 


(27) 


The measure Tig defined at has finite moments of all orders. 

For d> 5 and (3 = (3d, Xo{(3d) = 0 is an eigenvalue. Its eigenfunction 0/3^ satisfies 
(d^ and ( d?! ). The function l/d>(0) is in L^(T^) and so 0^^ G The measure 

71 has moments of order k only for k < d — 5. 


Proof. To see that l/<h(0) is in jnst observe from ([9]) that <h^(0) r\j 11010 as 

11011 —)■ 0 and integrating in polar coordinates introdnces a factor of ||0|0“^ and so 
l/<h^(0) becomes integrable for d> 5. Thns i>gj^{x) = 
eigenfnnction corresponding to the eigenvalne 0. 

The other claim is abont the moments of Tig^. Assnming that d > 5 and (3 > (3d, 
we see that for any {ji,j 2 , • • • , jd) G N'^, 


TTd 

■'^h=l 


dl 


00: 


.n 


0/3(0) = nti 


di 


00f; Ao()5) + <h(0) 


has moments of all orders, since the denominator is bonnded from 0 and the integra¬ 
tion is over the compact space T'^. Since this is the Fonrier transform of {Ilf^ixf)'i(>g{x), 
Plancherel’s identity implies that the latter is in which is the claim to be proved. 
However, at 0 = (3d, since Ao(0d) = 0, 


nti 


d 


00f 


0/3(0) = nti 


d 


(3d 

d(j)f J *h(0) 
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The rest of the proof is just verification, for example, when fc = 1, if we set rj = 
and ^|Jj = (f>j/rj so that we may express the asymptotic near 0 


_d _^ 

d(f)j <h(0) 


2 sin (j)j 


c 

c 


i’.i ^-3/2 

Wf+iF ■?’ 


Thus, e L‘^{T^) if and only if G L^(T‘^) which depends only on 

the integral near 0. Thus, we check in cylindrical coordinates. 





(hfW 


dijjjrj ‘^drj 


and since bounded above and below by a constant multiple of 

{d/vj)^ the first integral converges if and only if Jq f''^~'^drj < oo. The last integral is 
hnite if and only if d > 7. The full claim that the moment of is hnite if and 
only if d > 2/c + 5 is a routine (though tedious) calculation which we shall omit. □ 


5 Proof of (l2.1l) and (l2.2l) 


Proof. First for d = 3 at /3 = /Ss by (ITSil . fl22ll and ([23]), we have 

xezs 

= p^3(t,0,0) 

= 1 + /^3 [ P/33(s,0,0)ds 

Jo 

~ 2 c 3 /S 3 \/t, t —)■ oo. (28) 

For the variance estimate, we first observe that on taking the Fourier transform of 
(]5|) and integrating from 0 to t one obtains 

P /33 (t, 0,0) = + 03 / {s, 0, 0)ds (29) 

Jo 

and on inverting this Fourier transform one arrives at 


p^3(t, 0,a:) =po(0O,x)+03 / po(^ - s, 0, x)p^3(s, 0, 0)ds. 

Jo 


(30) 
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And since gzd Po(^) 0, a:) = t|CP it follows using ffTSj) and fl28|) that 

Ep^,t P/33(t,0,a;) <C,x>^ 

xez3 
/ 

7-1 


= Ep^,t[\C\t + (iii\C\ I {t- s)pi3^{s,0,0)ds 


ICI^t ( 1 +/ (1 — m)m t —)■ oo 


A similar argument handles the covariance claim. Note this implies the proper nor¬ 
malization of Xt for a limiting law would be 

For the distribution of at/t we observe, for s G (0,1) and e > 0 small enough so 
that s + e G ( 0 , 1 ) 

{cit/t G (s, (s + e))) =6P/33,t {xst = 0,X(^s+e)t = vi,Xu ^ 0, {s + e)t < u < t) + o(e) 


6E 


e 0 - 


■^0 Pvi{xu 7 ^ 0 , 0 < M < (1 — (s + e))t)et 


^P3,t 

where the term et arises from the rate of jumping from 0 to the unit vector vi G TP 
in the time interval (st, (s + e)t). As t ^ oo, the term 

Pvi{xu 7 ^ 0, 0 < M < (1 — (s + e))f) ^ 63 G (0,1) 

due to the transience of the 3 dimensional random walk. Thus, 


P 


1 ^ 3 ,t 


CTt 


ds) jds --Zf^E 


03,t 

7-1 


Qe^t 


=^/33aP/33(s^,0,0)6e3f. 


By (1281) and (ITSD we have for s G (0,1), 


^03]tP03i^t, 0, Ojbesf = liirii^oo 


t^OO 


2 c 303 y/i 


6r,3 

2/3375 


from which we can deduce that 603 = /S 3 and so 


= se(O.i) 


2v/5’ 


as desired. 
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In order to derive the asymptotic distribution of Xt/\/t, we evaluate at ^ with 
(j) G to get from the Central Limit Theorem for the simple symmetric continuous 
time random walk and fl 2 ^ that 


P/ 33 (C 0 ,^) = e I‘^I "(1 + o( 1 )) + C 3 / 33 ^ (l + o(l))e + s) 


After normalization by ~ 2 c 3 / 53 -\/t it follows that 


E, 


03,t 


Tt> 


^03,t 2 


e-l'>l=(i-“)-Udw 


u 


Next, for d = 4 at /5 = /94 by (IT^ . (l22ll and (l23ll . we have 

pp^{t,0,x) 

xez4 

= p^4(t,0,0) 

= 1 + Pi / P/ 34 (s, 0 , 0 )ds 


CiPi — , t oo. 

mt 


(31) 


Using flT^ and fl^ as before, we get 

^/34,t [< C, Xt >^] = ^ 0, x)<C,x >2 

= Zplt (^\C\H + PiPCp {t- s)p0 ^{s,O,O)ds 

CiPi:^—^ \(\H ^ + CiPi J {1--) In s~^dv^ , t ^ oo 


~ icrc 

A similar argument handles the covariance claim. 

For the distribution of at/t when d = 4 we observe as before, for s G (0,1) and 
e > 0 small enough so that s + e G (0,1) 

P 04 .,t {(Xt/t G (s, (s + e))) = 8 P/ 34 ,t {xst = 0, X(s+e)t = vx, Xu 7 ^ 0, (s + e)t < M < t) + o(e) 


8P 


e ^ 0 - 


gA/o Pvi{xu 7 ^ 0 , 0 < M < (1 — (s + e))t){et) 


^04,t 


where the term et arises from the rate of jumping from 0 to the unit vector vi G Z'^ 
in the time interval (sf, (s + e)t). The term 

PvpXu 7 ^ 0, 0 < M < (1 — (s + e))t) ^ 64 G (0,1) 
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due to the transience of the 4 dimensional random walk. Thus, 


e ds) /ds r^Z-^E e^^fo 


"Pi 

7-1 


SeA 


=Z0^,tPP4ist,O,O)8eA- 


By flT^ and fl^ we have for s G (0,1), 


^pltPPiist, 0, 0)8e4t = lim*^^ 

_ 864 

“ Pi 

from which we derive that 64 = 8/54 and so 

lim e ds) /ds = I, s e ( 0 , 1 ) 

as desired. 

Again, the limiting distribution in the critical case /5 = /54 is a mixture of Gaus- 
sians, but with a different mixture in d = 4 than in d = 3. Evaluating P/ 34 (t, 0, •) at 
with (j) G and making use of fl2^ together with the central limit theorem for 
the simple symmetric continuous time random walk, we get 

PPi{t,0, + 0 ( 1 )) + C4/54^ (1 + o(l))e"l'^l"(^"t^(lns V l)"^ds 

After normalization by Zp^^t ~ it follows that 


Epip 

That completes the proof. 


e 'Pt 


P/34(^,0,^) 






AiP 


□ 


The proof of Theorem (l2.2p requires the following lemma. 

Lemma 5.1. For d > 5, if i^p^ is normalized so that 'ipp^itf) = 1 then 

lim (32) 

t^oo Zp^p 

Proof. Dehne the hitting time T = inf{t > 0 : = 0}. We claim that ipp^fx) = 

P^{T < 00). Writing u{x) = P^{T < cxd) we claim (3d = Sde^ implies that Hp^u = 0. 
If so, the condition ■u(O) = 'ifp^iO) = 1 would establish our claim by uniqueness. Since 
Au{x) = 0, X G we only need to check that Am( 0) = —2dedM(0) = —2ded. But 
since u{y) = 1 — ed for the unit vectors y E 


Am(0) = 'Ey,\y\=iiu{,y) - m(0)) 

~ X]y:|j/| = l( ^d) 
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as desired. So to prove the lemma, we need to show the ratio of partition functions 
converges to P^{T < oo). 

For d > 5 at /3 = /3d by ([20]), fl22l) and fl2^ . we have 


xezd 

= P/3^(t,0,0) 

= 1 + /3d [ p^,(s,0,0)ds 
Jo 

~ CdPdt, t ^ oo. (33) 


From (j33il it follows readily that for each u, 

lim = 1. (34) 

t^oo 

To hnish the proof, we use the strong Markov property, (jS]) . flMD and the dominated 
convergence theorem to get 


lim 


^jd,t 


limt^oo 


lo^P^iTedu) 


P^{T < oo). 


□ 


Proof. (Theorem (I2.2|l ) The semigroup generated by is 

Qtf{x) = pp^it,x,y)f{y) = e^^Pdfix) (35) 

and Qt acts on the space of bounded functions. Since is the eigenfunction corre¬ 
sponding to Ao(/3d) = 0, fl35ll implies 




(36) 


The computation of the limiting transition probabilities follows from (l32ll by recalling 
that ' 0 / 3 ^ ( 0 ) = 1 and considering for s -|- u < f. 


PfidA^s = X, Xs+u = y) =Zp^^tE 


pjd !o &o{xr)dr _ _ 


=Z-yltE 


xpy 


gJd So So{xr)dr ^ j^x 5o{xr)dr _ y 

PdJl~‘‘~'^do{x)dr 


_ P/3,(S, 0, x)Z0^dA) Ppdi'^, X, y)Zy^d-s-Ay) 
Zpdd Zy^AA 

, Pfe(s, 0, x)'ipidAA ppdju, X, y)fjyAy) 

^PdA) ^pdA) 
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which establishes ([6]). 
Now the kernel 






generates a semigroup, which we denote by Rt and by fl36D . Rtl 
Aj 3 ^ of Rt as calculated by the formula 


1. The generator 


A,J(x) = Jim 


Rhf{.x) - f{x) 
h 


results in the expression 

^yj{x)= Y1 (^d{x,y){f{y) - f{x)), 

\y-x\=l 


as claimed in the Theorem. Using the asymptotic formula, which comes from the 
spectral theorem (recall the a.c. part of the spectrum of Hp^ is [—dd, 0]) 


Py^it,x,y) ~ 


||^/3dll^2(zd) 


t ^ oo 


together with the definition of rp^{t,x,y) we see that both 


lim rp^{t,x,y) 

t—>00 


lll^/3dllL2(zd) 


and 

In order to obtain weak convergence of the measures Pp^p, t —)■ 00 , on the space of 
trajectories we need to establish tightness. According to PQ, this requires control 
of the oscillations. Set 


UJsix, [ti_i,ti)) = sup \Xu - x^ 


and 


a;((a;,d) = inf maxa;s(a;, [U-iRi)), 
pi} l<*<r 


where the inf is taken over finite sets {ti} such that 


Q = to < ti <■■■< tr = s 

U—1 ^ 
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Then, since our paths all start at 0 under tightness will follow provided for each 
positive e and rj there exists a 5 G (0, l)and Tq such that 


>e)<r], t> To. 

But, using (E]) and ([3]), we have 


(37) 




(38) 



<e^"P'> (J,(x,5) >€). 

Thus, we see from (13311 that II37I1 follows from the fact that II37I1 holds for P^. This 

proves the convergence in distribution of the process on under as t —)■ oo. □ 
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